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ABSTRACT 
 
In the present paper one of the main problems of cognitive 
radios, that is how to allow the secondary (cognitive) users 
to exploit the unused resources by primary users, is faced by 
introducing multiple antennas at the cognitive terminals. 
Under the assumption of perfect channel state information 
(CSI), a transmit beamforming scheme based on a linear 
algorithm is proposed for the exploitation of the degrees of 
freedom offered by the spatial diversity. A closed form 
expression for the achievable rate obtainable by employing 
two antennas is derived and numerical results regarding the 
effects of different fading channels are provided. 
 
 

1. INTRODUCTION 
 
In the last years, the most popular spectrum allocation 
strategy for wireless services and applications has been the 
fixed spectrum allocation [1].  

In fact, to guarantee the coexistence, different wireless 
services are assigned to different portions of the radio 
spectrum [1]. With the increasing number of wireless 
technology along with the fixed spectrum allocation 
methodology the unlicensed frequency bands are going to 
disappear [1]. However, many studies have shown that, 
although the radio spectrum is allocated, it is highly 
underutilized [1].  

To improve radio spectrum utilization, the Cognitive 
Radio (CR) networks have been proposed. In particular, 
unlicensed (secondary) users are allowed to dynamically 
access to licensed resources if primary (legacy) users are not 
using them at a given time and in a given location [1]. 
Although this novel paradigm leads to a dynamic and 
effective management of the spectrum, many problems arise 
since primary users have to be protected from detrimental 
interference while assuring an acceptable Quality-of-Service 
(QoS) to the secondary systems [2].  

In fact, CR networks operate in a heavy interference 
corrupted environment and effective interference 

management has to be addressed to permit the coexistence 
among primary and CR networks [3]. Most of prior research 
about opportunistic spectrum access and interference 
mitigation for CR networks focuses on the detection of 
primary users' activity in frequency or time domain 
considering single antenna at both primary and secondary 
transceivers [1]. 

However, it is well known that the introduction of 
multiple antennas at the transmitter and/or receiver can 
provide many desirable functionalities, such as capacity 
enhancement, effective co-channel interference reduction, 
spatial division multiple access, etc [1]. 

In spite of the introduction of multiple antennas in CR 
networks has gained attention from theoretical and practical 
perspectives, only few researches have been carried out and 
some open issues persist [1]. In the open literature, in order 
to face the complex problem of the coexistence among 
primary and CR networks, some simplifying hypotheses are 
considered. As an example, in [4]-[7] it is assumed that a 
secondary system, equipped with multiple antenna, is 
provided with the message sent by the primary transmitter. 

 Under this assumption the capacity of the secondary 
system is evaluated and it is shown that significant 
improvements can be obtained with respect to traditional 
system. However, such an approach suffers in practical 
opportunistic scenarios where primary users are unaware of 
the presence of the secondary system and cooperation (i.e. 
sharing of the transmitted message) cannot be assumed. In 
[8], although the secondary system does not know the 
primary message and an interference free CR networks is 
obtained by implementing properly designed filters at both 
primary and secondary transceivers, it is required some 
modifications to the legacy terminals which is unpractical in 
real environment.  

In some other works, presented in [2], [3], no 
information regarding the primary networks is required and 
the capacity of the secondary system is evaluated while 
ensuring an acceptable level of interference to the primary 
system. In particular, an interference cancelation technique, 
known as transmit precoding or transmit beamforming [3], is 
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exploited by a CR network ``for mitigating the interference 
to primary system by adaptively choosing weights on the 
transmit antenna elements to form an emission pattern with 
nulls toward the direction of primary receivers'' [3].  

Such a strategy allows to minimize the interference 
caused at the primary users, and to maximize the Signal-to-
Interference-Noise Ratio (SINR) for the secondary users [3].  

In this work, a multiple antenna cognitive terminal 
which exploits transmit beamforming to completely avoid 
interference from secondary transmitter toward primary 
receiver is considered.  

In particular, by considering a linear precoding at the 
secondary transmitter, in the case of terminal equipped with 
two antennas, the achievable rate at the secondary system is 
obtained by assuming perfect Channel State Information 
(CSI). It is shown that the degrees of freedom (DOFs) at the 
CR networks necessary to cancel the interference at the 
primary receiver are equal to 2, if simplex communications 
are considered.  

Finally, numerical simulations are carried out to show 
the effectiveness of the proposed solution in multipath 
channel. 
 

2. TRANSMIT BEAMFORMING 
 
Generally speaking, the simplest CR problem can be 
represented by a communication scenario in which a couple 
of primary terminals and a couple of cognitive radios wish to 
communicate over the same resource [9], [10].  

As remarked in Section I, in spite of the simplicity of 
the model, few algorithms have been proposed. 

In this section, the benefits coming from the 
introduction of multiple antennas at the cognitive terminals 
is analyzed. In particular a transmit beamforming scheme is 
introduced to satisfy the constraint imposed by the CR 
communications.  

For the sake of simplicity, the primary terminals are 
equipped with a single antenna system, while the cognitive 
terminals are equipped with two antennas, but the analysis 
can be easily extended to a high number of antennas, both at 
the primary and cognitive systems. 
 
2.1. Channel Model 
 
Transmit beamforming can be used by a CR system to steer 
the power towards the direction of interest (i.e. secondary 
receivers) while minimizing the interference to primary 
receivers [3].  

In particular, this technique, employed by different 
approaches [2], [11], allows minimizing the interference 
caused to primary users while maximizing the SINR for the 
cognitive users.  

In the proposed approach transmit beamforming is 
implemented, by introducing a linear pre-processing scheme 

which guarantee, under specific conditions, to perform 
complete interference cancelation at the primary receiver.  

The equations which describe the channel of interest, 
known in the open literature as the MIMO Z channel [12] 
and usually assumed for treating the problem of interest [1], 
[11] shown in Fig. 1, are the following 

ppc
T
rp nhxy ++= xg  (1) 

ccc H nxy +=  (2) 

in which ∈py C and ∈px C are respectively the received 
and transmitted complex baseband signals of the primary 
terminals, ∈cy C 2  and ∈cx C 2   are respectively the 
received and transmitted complex baseband signal vectors 
(represented in bold, in the entire paper) of the cognitive 
terminals,  ∈H C 22× is the complex channel matrix between 
the cognitive terminals, ∈h C is the complex channel 
coefficient between the primary terminals, ∈rg C 2  is the 
complex channel vector between the cognitive transmitter 
and the primary receiver ( T⋅ stands for transpose), and 

∈pn C and ∈cn C 2 are the zero-mean complex Gaussian 
noise quantities [13] respectively for the primary and the  
cognitive receivers. In the following,  

{ } 2
pppnnE η=∗   

{ } 2
2 IE ccc η=⊥nn   

will be assumed [14] where ⊥⋅  stands for transpose and 
complex conjugate, 2I  is an 2 x 2 identity matrix and ( )⋅E is 
the expectation operator. 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Fig. 1 Considered channel model. 

It is important to note that, in this case, the interference 
caused by primary users is included in the additive noise 
term. Moreover, although the channel model in equations (1) 
and (2) refers to the narrowband case (all channel 
coefficients are frequency independent), it can be easily 

 

112



extended to multi-carrier systems by applying it on a sub-
carrier basis [15]. To perform the transmit beamforming, let 
us introduce a transmit precoding matrix ∈A C 22× such 
that ac Axx = . By substituting it in the channel model 
expressed by (1) and (2), one can obtain 

ppa
T
rppc

T
rp nhxAnhxy ++=++= xgxg  (3) 

cac HA nxy +=  (4) 

To guarantee that the cognitive transmitter causes no 
interference to the primary receiver 

0=AT
rg  (5) 

has to be enforced, together with 1
2
=A , where the 

symbol 
2

⋅  stands for 2-norm, in order to avoid signal 
amplification or reduction, to obtain 

ppp nhxy +=  (6) 

cac H nxy += ~  (7) 

in which HAH =~ . 
Such a process allows an effective decoupling of the 

scalar additive white Gaussian noise (AWGN) channel of 
the primary users (6) from that one of the cognitive users 
(7). 
 
2.2. Derivation of the Achievable Rates 
 
As suggested by the large amount of literature dedicated to 
MIMO transmissions [13], [15], [16] the 2 x 2 channel 
expressed by (7) can be exploited through the singular value 
decomposition (SVD). Hence by writing ⊥Σ= VUH~ , with 
Σ diagonal matrix and U and V unitary matrices, and by 
introducing aVx x⊥= and cUy y⊥= , from (7) 

ccc UUVHUU n  x n xyy   
⊥⊥⊥⊥ +Σ=+== ~  (8) 

can be obtained. Equation (8) represents two parallel 
Gaussian channels 

nz y +=  (9) 

with input xz Σ= and complex Gaussian noise cU nn ⊥= . 
The noise has zero-mean and covariance matrix still 2

2 Icη , 
since the multiplication by a unitary matrix does not change 
the distribution of the noise [15], while the input has 
covariance 

{ } ΣΣ=⊥
xKE zz   

where  { }⊥= xxEK x  
 
 
 
 
 
 

Fig. 2 Adopted processing scheme. 

The obtained linear processing scheme, shown in Fig. 2, 
allows, under the hypotheses of a perfect knowledge of the 
channel between cognitive terminals and the channel from 
cognitive transmitter to primary receiver, to exploit the 
degrees of freedom of the 2 x 2 MIMO channel for the 
transmission of the cognitive users, and, at the same time, to 
cancel the interference to the primary receiver. It is 
important to note that, in order perform such a cancelation, 
the available degrees of freedom of the MIMO Z channel 
which models the CR problem, expressed by (1) and (2), are 
reduced. 

In particular, since the number of DOFs of the 
considered MIMO Z channel is 2 [12] and the number of 
DOFs of the primary link is 1, one can deduce that the 
number of DOFs available for the cognitive link is 1 and for 
this reasonΣ will have at most one non trivial diagonal 
entryε .   

Such a property allows simplifying the computation of 
the achievable rates of the proposed processing scheme. As 
a matter of fact, one can deduce that the covariance of the 
input 

{ } ΣΣ=⊥
xKE zz   

will have at most one entry  

{ }2

1
2 xEε   

where 

{ }2

1xE   

is the first entry of xK , being 1x the first component of x. 
Therefore, no signal power will be received on the last 
component of y for any choice of xK  and the achievable 
rates of the channel have to be evaluated by taking into 
account only the non trivial component of x, accordingly. To 
this end the channel of interest represented by (9) can be 
rewritten as a scalar equation 

nzy +=  (10) 

where the variance of the input z is  

{ } { } Φ==∗
2

1
2 xEzzE ε   

and the variance of the noise n is 

{ } 2

cnnE η=∗   

The capacity of such a Gaussian channel is well 
established in the literature [16] and can be easily deduced 
for (10), by modifying the power constraint. In fact, while in 
the classical theory [16] the power constraint P is given in 
terms of z, in the proposed approach it has to be imposed on 
the power transmitted by the cognitive terminal and is given 
in terms of x as 
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{ } PxE ≤
Φ

=
ε

2
2

1  (11) 

By following the technique in [16] and by taking into 
account the statistical variations of the channel, one deduces 
that the achievable rates of the cognitive link obtained by 
employing the proposed linear scheme can be expressed by 































Φ

Φ+= 2,, 1log2
1max

cAgH r
EC

η
 (12) 

under the constraints (11). 
For fixed A, which has to satisfy (5) and the condition 

1
2
=A , the solution to (12) is found as the optimal input 

variance Φ  for the Gaussian channel subject to (11). 
Therefore, the achievable rates of the MIMO cognitive link 
with the proposed linear processing scheme and 0=ε  can 
be expressed by 





























 Φ+= 2, 1log2
1

c
gH r

EC
η

 (13) 

where all power has to be transmitted over 1x  (the first 
component of x) since, from (11) 

{ } PxE 22 2

1 εε ==Φ   

 
2.3. Computation of Matrix A 
 
In order to complete the analysis, an explicit expression for 
C has to be found. 
 To this end, the expression for matrix A (and 
consequentlyε ) which guarantees the maximum achievable 
rate has to be computed. By assuming that 0, ≠irg  (i = 1, 2) 
(otherwise, a partial spatial orthogonalization is already 
performed by the channel) and by enforcing (5), one can 
obtain  
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Hence ε , which is the (possibly) non-trivial singular 
value of HAH =~  can be calculated in symbolic terms as 
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⋅
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 (15) 

As a consequence, by substituting (15) in (13), an 
explicit expression for the achievable rates can be obtained 
as follows  

( ) 
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, η
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where  

( ) 2
2,211,22

2
2,111,12

2

2,

2

1,,
rrrr ghghghgh

gg
gHF rr

r

−+−
=  (17) 

 
In order to find the values of 11a and 22a which 

guarantees the maximum achievable rate C, the expression 
2

2,

2

22

2

1,

2

11 rr gaga +  has to be maximized since the other 
factors depend only on the channels H and rg . For the 
maximization process, it is important to recall that 

2
A  has 

to be imposed equal to 1, in order to avoid signal 
amplification or reduction. Hence 

{ } 1
2

== ismaxA  (18) 

for the property of the singular values is , i= 1, 2. 
The maximum singular value can be computed as 

{ } ( )( )
2

2,
2

1,

2

2,

2

22

2

1,

2

11

2

2,

2

1,

rr gg

gagagg
smax rrrr

i

+
=

+
 (19) 

and by imposing it equal to 1 from (18) one can be obtain 

2
2,

2
1,

2
2,

2
1,2

2,

2

22

2

1,

2

11

rr

rr

gg

gg
gaga rr

+
+ =  (20) 

Hence the expression
2

2,

2

22

2

1,

2

11 rr gaga + , which had 
to be maximized in order to guarantees the maximum 
achievable rate C, is bound from (20) by the channel 
coefficients 1,rg  and 2,rg .  

For this reason, at each channel variation, the choice of 
the optimal A does not require an optimization, but just a 
selection of A according to (14) and (20), since the 
maximum achievable rate C of the cognitive link depends 
only on 

2
A . 

 
3. NUMERICAL RESULTS 

 
In this section we provide a set of results which show the 
effectiveness of the proposed linear processing scheme.  

The achievable rates guaranteed by employing the 
transmit beamforming precoding has been evaluated by 
varying the multipath conditions and the signal to noise ratio 
(SNR) of the involved channels. In particular, a set of 
numerical simulations have been carried out for different 
values of the Ricean factor K [17]-[19] of MIMO Rice 
channels. To this end, each channel entry has been modeled 
as an independent complex Gaussian variable with mean 

)1/( +KK and variance 1/(K+1) [18].  
The simulations have been performed with a SNR of 0 

and dB20 both at the cognitive and at the primary receiver. 
In order to provide a fair comparison, the capacity of the 
single-input single-output (SISO) channel used for the 
primary transmission, has been reported. Moreover, it is 
added with that one obtained by employing the proposed 
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processing scheme, to provide an overall evaluation of the 
performances of the ensemble of the primary and cognitive 
systems.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3 Achievable rates by the four considered transmission 
schemes at SNR=0dB 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 4 Achievable rates by the four considered transmission 
schemes at SNR=20dB 

Finally, an additional evaluation is provided by 
comparing also the capacity of a 2 x 2 MIMO channel [15], 
[20], [21], i.e. the channel used by the cognitive terminals 
for the transmission if the primary terminals are absent.  

The obtained results for dBSNR 0=  are shown in Fig. 
3. As it can be seen by comparing the proposed scheme with 
the more traditional ones, satisfactory performance can be 
obtained also in a low SNR environment, although it can be 
noted a steep decrease along with the increase of the Ricean 
factor K. As expected, better performances can be obtained 
by increasing the SNR. As shown in Fig. 4, at dB20  the 
achievable rates increase, although a slighter decrease can 

be noted again in the performance of the proposed precoding 
technique if the Ricean factor increases.  

As can be noted by observing both Fig. 3 and Fig. 4, all 
the capacities are maximum for the Rayleigh case (K=0): 
this is due to the distribution of the singular values in the 
deterministic part of the channel matrices.  
 

4. CONCLUSIONS 
 
In this paper, a transmit beamforming technique is applied in 
the cognitive radio context in order to evaluate the 
advantages of the introduction of multiple antennas at the 
secondary terminals.  

The channel model and the cognitive radio problem 
have been stated for the MIMO Z channel, and the explicit 
solution for the problem of maximizing the transmission of 
information has been derived while avoiding interference 
among primary and secondary users. Finally, numerical 
results regarding the effects of different Rice fading 
channels have been reported. 
 

5. REFERENCES 
 
[1] R. Zhang and Y.-C. Liang, “Exploiting Multi-Antennas for 
Opportunistic Spectrum Sharing in Cognitive Radio Networks,” 
IEEE J. Sel. Topics. Signal Process, vol. 2, no. 1, pp. 88–102, Feb. 
2008. 
[2] K. Phan, S. Vorobyov, N. Sidiropoulos, and C. Tellambura, 
“Spectrum Sharing in Wireless Networks via QoS-Aware 
Secondary Multicast Beamforming,” IEEE Trans. Signal Process., 
vol. 57, no. 6, pp. 2323–2335, June 2009. 
[3] X. Hong, Z. Chen, C.-X. Wang, S. Vorobyov, and J. 
Thompson, “Interference cancellation for cognitive radio 
networks,” IEEE Veh. Technol. Mag., vol. 4, no. 4, pp. 76–84, 
Dec. 2009. 
[4] C. Huang and S. Jafar, “Degrees of Freedom of the MIMO 
Interference Channel With Cooperation and Cognition,” IEEE 
Trans. Inform. Theory, vol. 55, no. 9, pp. 4211–4220, Sept. 2009. 
[5] S. Sridharan and S. Vishwanath, “On the Capacity of a Class 
of MIMO Cognitive Radios,” IEEE J. Sel. Topics. Signal Process, 
vol. 2, no. 1, pp. 103–117, Feb. 2008. 
[6] S. A. Jafar and M. J. Fakhereddin, “Degrees of freedom for 
the MIMO interference channel,” IEEE Trans. Inform. Theory, 
vol. 53, no. 7, pp. 2637–2642, Jul. 2007. 
[7] N. Devroye, P. Mitran, and V. Tarokh, “Achievable rates in 
cognitive radio channels,” IEEE Trans. Inform. Theory, vol. 52, 
no. 5, pp. 1813–1827, May 2006. 
[8] M. Maddah-Ali, A. Motahari, and A. Khandani, 
“Communication Over MIMO X Channels: Interference 
Alignment, Decomposition, and Performance Analysis,” IEEE 
Trans. Inform. Theory, vol. 54, no. 8, pp. 3457–3470, Aug. 2008. 
[9] N. Devroye, P. Mitran, and V. Tarokh, “Achievable rates in 
cognitive channels,” IEEE Trans. Inform. Theory, vol. 52, no. 5, 
pp. 1813–1827, May 2006. 

 

 

115



[10] S. Srinivasa and S. A. Jafar, “The throughput potential of 
cognitive radio: a theoretical perspective,” IEEE Comm. Mag., vol. 
45, no. 5, pp. 73–79, May 2007. 
[11] M. Kang, B. Jung, D. Sung, and W. Choi, “A pre-whitening 
scheme in a MIMO-based spectrum-sharing environment,” IEEE 
Commun. Lett., vol. 12, no. 11, pp. 831–833, Nov. 2008. 
[12] S. Jafar and S. Shamai, “Degrees of Freedom Region of the 
MIMO X Channel,” IEEE Trans. Inform. Theory, vol. 54, no. 1, 
pp. 151–170, Jan. 2008. 
[13] E. Telatar, “Capacity of multi-antenna Gaussian channels,” 
Europ. Trans. on Telecomm., vol. 10, no. 6, pp. 585–596, Nov. 
1999. 
[14] S. Ye and R. S. Blum, “Optimized signaling for MIMO 
interference system with feedback,” IEEE Trans. Signal Process., 
vol. 51, no. 11, pp. 2839–2848, Nov. 2003. 
[15] A. Goldsmith, Wireless Communications, 1st ed. Cambridge, 
UK: Cambridge University Press, 2005. 
[16] T. Cover and J. Thomas, Elements of information theory, 2nd 
ed. New York: Wiley, 2006. 

[17] A. B. Gershman and N. D. Sidiropoulos, Space-time 
processing for MIMO communications. New York: Wiley, 2005. 
[18] P. Almers, E. Bonek, A. Burr, N. Czink, M. Debbah, V. Degli 
Esposti, H. Hofstetter, P. Ky¨osti, D. Laurenson, G. Matz, A. F. 
Molisch, C. Oestges, and H. ¨Ozcelik, “Survey of channel and 
radio propagation models for wireless MIMO systems,” EURASIP 
Journal on Wireless Communications and Networking, vol. 2007, 
pp. 1–19, 2007. 
[19] M. Kang and M. S. Alouini, “Capacity of MIMO Rician 
channels,” IEEE Trans. Wireless Comm., vol. 5, no. 1, Jan. 2006. 
[20] A. Goldsmith, S. A. Jafar, N. Jindal, and S. Vishwanath, 
“Capacity limits of MIMO channels,” IEEE J. Sel. Areas Comm., 
vol. 21, no. 5, pp. 684– 702, Jun. 2003. 
[21] D. Gesbert, M. Shafi, D. Shiu, P. J. Smith, and A. Naguib, 
“From theory to practice: an overview of MIMO space-time coded 
wireless systems,” IEEE J. Sel. Areas Comm., vol. 21, no. 5, pp. 
281–302, Jun. 2003. 
 
 
 
 

  

116


